
A P P R O X I M A T E  S O L U T I O N  O F  S O M E  N O N L I N E A R  

P R O B L E M S  O F  H E A T  C O N D U C T I O N  T H E O R Y  

A .  N.  L u p p o v  a n d  B .  G .  O g l o b l i n  UDC 536.2.01 

In this  pape r  we obtain a pp rox i m a t e  so lu t ions  fo r  the p rob l em of uns teady heat  conduct ion  in 
a h e a t - r a d i a t i n g  plate,  a solid cy l inder ,  a hollow cy l inder ,  and a sphe re ,  in which in te rna l  
heat s o u r c e s  a re  p r e sen t .  The so lu t ion  involves  the a s s u m p t i o n  of a pa r abo l i c  t e m p e r a t u r e  
prof i le .  

The inves t iga t ion  of heat  t r a n s f e r  p r o c e s s e s  in a sol id with rad ian t  heat  exchange at i ts su r face  leads  
(see [1]) to the he a t - c onduc t i on  equat ion  with the nonl inear  boundary  condi t ion 

__~ OT 
On : = ae (T ]4 __ ~4). 

E x i s t e n c e  and uniqueness  t h e o r e m s  have been  p roved  (see [2]) f o r  boundary  problems of this  type~ 
however ,  an exac t  ana ly t ic  solut ion,  even fo r  the s i m p l e s t  r eg ions ,  is as  ye t  unknown. T h e r e  is ,  in this  
r ega rd ,  cons ide rab l e  i n t e r e s t  in f o rm u l a t i ng  an approx ima te  solut ion of individual  p rob l ems  of the type 
men t ioned .  F o r  bodies  without  i n t e rna l  heat  s o u r c e s ,  such solut ions  have been  obtained by d ive r s e  m e t h -  
ods; see ,  fo r  example ,  [3-5].  

In  this  paper  we obta in  so lu t ions  fo r  bodies  of s imp le s t  g e o m e t r i c  f o r m  with in t e rna l  heat  gene ra t ion  
and with rad ian t  heat  exchange  at the boundary  in which we a s s u m e  a pa rabo l i c  t e m p e r a t u r e  prof i le .  

Heat ing of a P la te ,  Cyl inder ,  and Sphere .  Cons ide r  the equat ion  

c(T)y(T)  --OTot =--r al --orO [ r ~ ( T )  O~-r]+ S(t) (1) 

fo r  the r e g i o n 0  < r - R ; 0  -<t  < ~ .  F o r  a = 0 ,  1, a n d 2  it d e s c r i b e s  a s y m m e t r i c  t e m p e r a t u r e  field in a 
plate,  an unbounded cy l inder ,  and a sphe re ,  r e s p e c t i v e l y .  F o r  the ini t ial  condi t ion we have T(r ,  0) = T 0. 
The boundary  condi t ions  have the f o r m  

OT (O,t) _ O; - -  L (T (R,t)) aT (R,O 
Or Or =eye iT a (R,t) -- ~4 (t) 1. (2) 

We shal l  s eek  a solut ion in the f o r m  

T (r, t) = a 0 (t) + a a (t) r + a z (t) r z. (3) 

We in t roduce  an unknown funct ion p(t), e x p r e s s i n g  the t e m p e r a t u r e  at the boundary  r = R, and using Eqs .  (2), 
(3), we express T(r, t) in terms of p(t). 

the second yields 

In addit ion,  we have 

F r o m  the f i r s t  boundary  condi t ion  it fol lows that  al(t) = 0, while 

2a2R as (i 2 , _  ~) .  
~(p) 

ao + a a R  ~ = p, 

whence 
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Fig.  1. Var ia t ion of the t e m p e r a t u r e  of the cyl inder  su r face  (t in see,  p in ~ 

Fig.  2. T e m p e r a t u r e  dis t r ibut ion along a cyl inder  radius  at (a) t = t7 sec;  ~)  t = 62 sec .  
(radius r in me te r s )  Curve 1: solution obtained by numer ica l ly  in tegra t ing  Eq. (1); curve 
2: solution based  on fo rmulas  (7), (4). 

o~s (p~ - -  0 ~) ~sR (p4 __ 0~) 
- -  ; ao ~ .  p ' - [ -  

a2 = 2R~ (p) 2,% (p) 

Thus the t e m p e r a t u r e  of the body is e x p r e s s e d  in t e r m s  of the boundary t e m p e r a t u r e  

~sR (p - -  0 ~) 1 - -  - -  (4) 
r ( r , O = p +  2~(p) R ~ " 

We now mult ipty both s ides  of Eq.  (1) by r e. and in tegra te  it through with r e s p e c t  to r f r o m  0 to !~, 
making  use of Eq. (4). In addition we c a r r y  c(T)y(T) a c r o s s  the in tegra l  sign as c(T)y(~;), where  T is a 
m e a n  t e m p e r a t u r e  defined in t e r m s  of the boundary t e m p e r a t u r e  by the fo rmula  

(t) = p + ~ s R  ( p  - -  e '~) (5) 
(~ + 3) ~ (p) 

Upon ca r r y i ng  through the requi red  dif ferent ia t ions  with the subst i tut ion of T(r ,  t) f r o m  fo rmula  (4) 
into the left  m e m b e r  of Eq. (1), the la t te r  having been previous ly  in tegra ted  through, we obtain an ordinary. 
d i f ferent ia l  equation for  p(t). Solving this equation for  dp/dt ,  we obtain 

S(t) (a + 1)crs ( # _ e 4 ) . ~  - 4c;eRO3c(T)y(T) de 
dp R (a +3)~(p)  df 

4~eRp a o 'eR (p4 __ 04) (6) 
d~ 1 +  (a § 3) g (p) (a + 3) k)(p) c ( r ) y ( r )  

In genera l  Eq, (6) may  only be in tegra ted  numer ica l ly .  We note, however ,  an impor tan t  spec ia l  case  in 
which it has an explici t  solution. 

A s s u m e  that the t he rmophys t ca l  p a r a m e t e r s  e, y, X a re  independent of the t e m p e r a t u r e  and that the 
speci f ic  power S and the t e m p e r a t u r e  of the medium a re  constant .  Equat ion (6) then becomes  

S- -  (~ + :1 ) as (p~ _ e4) 
dp R 

[ 1 dt 1 § 4qeRPa cy 
(a + 3) .~ 

which may  be integrated in t e r m s  of quadra tures :  

{ 
+ 04] ~= 

~/ sR 4,~e(~+ I)~ [ (~+ ~)~e 

eyR ~ 

In 

(aq- 1) (a -b- 3) 1)~ 

r SR 
P +  ( a +  1)~s 

(a + 1) e e  

In p4 
1 - -  SR 

I -!- 2arctg 4 
+ 0 4 "]/f 

,] = t + C r 

1 

SR 
(a + 1) o e  + ~4 

(7) 
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The cons tant  C 1 m a y  be d e t e r m i n e d  f r o m  the condi t ion p(0) = T 0. Equat ion  (7), a long with Eq.  (4), enables  
us to find the t e m p e r a t u r e  of  the body at an  a r b i t r a r y  t ime  ins tant  t. M o r e o v e r ,  depending on a, i t  g ives  
the t e m p e r a t u r e  in a plate,  an unbounded cyl inder ,  o r  a sphe re .  

Heat ing  of an Unbounded Hollow Cyl inder .  Cons ide r  Eq. (1) in the r eg ion  R 1 -< r -< R 2, 0 <- t < ~ fo r  
a = 1. In  this  c a s e  it  d e s c r i b e s  the t e m p e r a t u r e  field in an unbounded hol low cy l inder .  We a s s u m e  that  no 
hea t  flow t akes  place a c r o s s  the boundary  r = R 1, and that  at the boundary  r = R 2 heat  exchange  takes  p lace  
th rough  rad ia t ion  with a m e d i u m  at t e m p e r a t u r e  d.  

We give oniy the f inal  r e s u l t s ,  obta ined in a m a n n e r  s t m i I a r  to the p rev ious  r e s u l t s .  The f o r m u l a s  
in  this  ea se  c o r r e s p o n d  to the f o r m u l a s  (4)-(7): 

T (r, t) = p + ae (P' - -  ~') R~R' ( R~ - -  2 + 2r r ~ ) 
2 (R2-- RI) ;~ (P) R~ Re R~R~ ' (4') 

T-(t) =p-~- oe (R2 - -  RI) (5R~. -~- 3R2) (pC _ Oc), (5') 

dp S (0 (pC _ ec) -t- 
--~--= R~--R~ 3L(p)(R~+R2) d- tJ tk  3~(p)(R~+R2) 

(R2--RO(5R~_-P 3R2)~e(PC--b') d~ ] }-', 
- -  12~(P)(R~+ R2) ~p c(T)y(T) 

I I 
cy (R2 - -  R1) 2 (5R~ + 3R~) p~ 

2aeR2 -1- ~?c 

(6') 

ln/1 i = t +  C2. (7') 
4R2~, / S (R~ - -  R~) ~ '  

We note tha t  the cons tan t  C 1 (or  c o r r e s p o n d i n g l y  the cons tan t  C~) a l lows us to sa t i s fy  the ini t ia l  condi -  
t ion  at the r ad ia t ing  s u r f a c e  only .  However ,  if ~{0) = T o the ini t ia l  condi t ion  is sa t i s f ied  au toma t i ca l ly  
th roughout  the r eg ion .  In a m o r e  g e n e r a l  case ,  ins tead  of r equ i r i ng  the ini t ial  t e m p e r a t u r e  to be constant ,  
it is  suf f ic ien t  to  a s s u m e  that  hea t ing  o c c u r s  f r o m  a s t eady  s ta te  and that  a(t) has  no jump at t = 0. 

F o r  the hol low cy l inde r  the r e q u i r e m e n t  that the inne r  s u r f a c e  be insula ted  is not n e c e s s a r y .  With 
ins ign i f ican t  changes  the solut ion can  a l so  be obtained for  another  boundary  condi t ion.  

A N u m e r i c a l  Example .  As an example  we c o n s i d e r  hea t ing  of an unbounded cy l inde r  of rad ius  R = 0.01 
m,  where  the c y l i n d e r  m a t e r i a l  has  the t h e r m o p h y s i e a l  p a r a m e t e r s :  c = 250 J / k g  .deg,  7 =  104 k g / m  3, 
= 2.9 W / m  "deg.  The  spec i f i c  power  of  the sou rce  S = 4 �9 107 W / m  3, T e m p e r a t u r e  of the s u r r o u n d i n g  m e -  
d ium # = T O = 300~ E m i s s i v i t y  e = 0.23.  F igu re  1 shows the v a r i a t i o n  of  t e m p e r a t u r e  p at the su r f a c e  of 
the cy l i nde r ,  in  F ig .  2 t e m p e r a t u r e  d i s t r ibu t ions  a long a cy l inder  rad ius  a r e  shown at two d i f fe ren t  t imes ,  
ca lcu la t ions  being made  using f o r m u l a s  (7), (4) and a l so  by numer i ca l l y  in t eg ra t ing  Eq. (1). It is evident  
that  the va lues  of the t e m p e r a t u r e  on the boundary  and a l so  the values  of the m e a n  t e m p e r a t u r e s ,  ob ta tnedby  
these  two methods ,  a r e  p r a c t i c a l l y  co inc ident .  

At  r = 0 the t e m p e r a t u r e s  ca l cu la t ed  f r o m  f o r m u l a s  (7), (4) a r e  somewha t  h ighe r .  As  the t e m p e r a t u r e  
i n c r e a s e s  the r e l a t ive  value of this  e r r o r  d imin i shes ,  and as  a s t a t i o n a r y  t h e r m a I  r e g i m e  is r e ached  our  

so lu t ion  b e c o m e s  an  exac t  so lu t ion .  

Two s t ages  in  the hea t ing  m a y  be d is t inguished:  a b roaden ing  of the zone of  inf luence of the boundary  
condi t ions  and hea t ing  with a pa rabo l i c  t e m p e r a t u r e  prof i le  th roughout  the th i ckness  of the body,  as was the 
case ,  fo r  example ,  in [4]; in our  ea se  this  does not give the des i r ed  r e s u l t s .  In the absence  of heat  s o u r c e s  
f o r m u l a  (7) d i f fe rs  only ins igni f icant ly  f r o m  the f o r m u l a  g iven in [4] f o r  the second  s tage  of heat ing.  
However ,  i n  th is  c a s e  a jump in t e m p e r a t u r e  of the su r round ing  m e d i u m  takes  place at t = 0, which 
m a k e s  it n e c e s s a r y  to c o n s i d e r  two s t ages  in the hea t ing  in e v e r y  ease  involving  l a rge  vaIues  of 
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NOTATION 

Ls the body temperature; 
~s the temperature of surrounding medium; 
is the time; 
~s the radial coordinate; 
is the index determining body geometry; 
is the s p e c i f i c  capaci ty;  
is  the density;  
m the t h e r m a l  conductivi ty;  
~s the th ickness  (radius) of body; 
is  the r e f e r e n c e  t e m p e r a t u r e ;  
is the S te fan-Bol tzmann  coefficient;  
ts the emis s iv i ty ;  
~s the t e m p e r a t u r e  of emi t t ing  sur face ;  
~s the spec i f i c  power of source;  
a re  the in te rna l  and ex te rna l  rad i i  of hollow cy l inder .  
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